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Rockafellar’s Sum Theorem 


Let X be a Banach space, T, S : X ^ X* be maximal monotone operators. In [R] Rockafellar conjectured 
that T + S' is also maximal provided that Dt H mt{Ds) ^ 0 (here Dt stands for the domain of T). Theorem 
3 in [EW] states that Rockafellar’s conjecture is true provided that Dt or Ds is bounded. In this note we 
show how to remove this restriction. 

Theorem. Let X be a Banach space, T, S : X ^ X* be maximal monotone operators. Assume that 
(a) Ds is convex and Ua>o K^oDt — coDs) = X or (b) Dt n int(Hs) ^ 0. 

Then T + S is a maximal monotone operator. 

Proof. WLG we can assume that 0 G Dt H Ds if (a) is true or that 0 G Dt n int(ZIs) if we (b) is true. Let 
{x,x*) be monotonically related to the graph of T + S. Choose a ball B in X (centered at 0) that contains 
X and such that Dt H Ds 0 5^0. It is easily seen that 

(i) {x,x*) is related to T + S + BIb- 
We shall now show that 

(ii) Ua>o HcoDt - coDs+oib )=X. 

This is obvious if (b) is true. So assume that (a) is true and let z G A. Then there exist A > 0, u G coDt 
and V G coDs = Ds such that z = A(u — v). Since Ds is convex and 0 G Dt n Ds, there exists 0 < /r < 1 
such that /iu G Ds H B and /ru G coDt- Then z = {X/— /rw) and thus (ii) is proved. 

According to Theorem 3 mentioned above, S + DIb is maximal monotone. Because of (ii) the same 
theorem implies that T + S + OIb is maximal monotone, hence (because of (i)) x G Dt H Ds- It is well 
known that this implies that T + S' is a maximal monotone operator (see [V, Theorem 3.4 and Corollary 5.6] 
or [S, Theorem 24.1]). 
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